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Abstract
The connection between the scaling function, directly extracted from the analysis of electron
scattering data, and the nuclear spectral function or nuclear momentum density is investigated at
depth. The dependence of the scaling function on the two independent variables in the scattering
process, the transfer momentum (q) and the scaling variable (y), is taken into account, and the
analysis is extended to both, positive and negative y-values, i.e., below and above the center of
the quasielastic peak, respectively. Analytical expressions for the derivatives of the scaling func-
tion, evaluated at the finite limits of integration dealing with the kinematically allowed region,
are connected with the spectral function. Here, contributions corresponding to zero and finite
excitation energies are included. The scaling function is described by the Gumbel density distri-
bution, whereas short-range correlations are incorporated in the spectral function by using some
simple models. Also different parametrizations for the nucleon momentum distribution, that are
compatible with the general properties of the scaling function, have been considered.
Keywords: Many-body theory, Lepton-induced reactions, Nuclear effects, Scaling
1. Introduction
One of the most fruitful concepts in Nuclear Physics is the nuclear spectral function
S (pm, Em). This gives the joint probability of finding a nucleon in a nucleus with given mo-
mentum (known as missing momentum pm) and with a given excitation energy of the residual
nuclear system (called the missing energy Em). In general the spectral function is a complicated
function whose evaluation requires a good knowledge of the many-body A-target and (A − 1)-
residual nuclear systems [1–6]. The nuclear momentum density distribution n(pm) is obtained
from the integral of the spectral function over the whole range of missing energy values. In gen-
eral this would require to have available precise microscopic models of the interacting nuclear
system for large values of the missing energy. Realistic nuclear models, that take into account
the effects of nucleon-nucleon (NN) correlations, lead to non-vanishing contributions to the spec-
tral function corresponding to more complex states with at least one of the spectator nucleons
excited to the continuum [1, 7–10]. Calculations carried out for a variety of nuclear systems sug-
gest that these contributions, arising from short-range dynamics, are nearly independent of the
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mass number, i.e., similar for all nuclei. It is important to point out that the correlated strength
at high missing momentum, due to short-range-correlations (SRC), only appears at high missing
energy [7, 11, 12].
We would like to note that the Green function method (GFM) [e.g. [13–16], see also [10]
and [17]] is appropriate for the consideration of the spectral function in nuclear theory. Many
difficulties arising in the case of finite nuclei can be avoided using the GFM in the case of nuclear
matter. The results are applied to finite systems by introducing appropriate variables. Due to
the fact that the properties of the hole distributions do not depend essentially on the details of
nuclear structure, this procedure turns out to be quite convenient [14]. For instance, in [6] hole-
and particle- spectral functions obtained within two distinct many-body methods are widely used
to describe electroweak reactions in nuclei. As examples, we will note also the calculations
of the GFM spectral function in Ref. [18], as well as the studies of influence of short-range
correlations on the spectral function within the GFM in [19] by summing the ladder diagrams in
the perturbative expansion of the effective interaction.
The previous discussion clearly shows the difficulty in getting a precise description of the nu-
clear spectral function valid in a wide range of (pm, Em)-values. In most of the cases, one should
rely on the information provided by different types of experiments, even if they are not capa-
ble of providing the spectral function for missing energies above some finite value [11]. This
is the case of inclusive and semi-inclusive electron scattering reactions from nuclei, that have
been largely used to constrain the spectral function (momentum distribution) in the missing-
energy region corresponding to the contribution of the single-particle shell structure. In par-
ticular, the analysis of (e, e′p) experiments has proved the validity of the shell structure of the
nucleus, providing very precise information on the reduced cross section (identified with the
momentum distribution) for the specific single-particle states [14, 20–26]. These results have
led some authors [27, 28] to construct realistic spectral functions by using information on the
(e, e′p) data at low-missing energies and different models of the interacting nuclear system for
larger Em-values. Thus the general expression for the spectral function is divided in two terms,
S (pm, Em) = S IPSM(pm, Em) + S corr(pm, Em), the former given by an independent particle shell
model (IPSM) approximation but with the individual shells widened using different functions,
like Lorentzians, whereas the latter, S corr, connected to contributions ascribed to NN correla-
tions.
In addition to semi-inclusive, (e, e′p), processes, also inclusive electron scattering can pro-
vide useful information on the total momentum distribution of nuclei. The analysis of quasielas-
tic (QE) (e, e′) reactions leads to the phenomenon of scaling, i.e., the scaling function defined as
the differential (e, e′) cross section divided by an appropriate factor including the single-nucleon
cross section, is shown to depend only on a single variable (y-scaling variable), given as a partic-
ular combination of the energy (ω) and momentum (q) transferred to the nucleus [29–34]. This
is known as scaling of first kind, that is, independence on q. Scaling of second kind refers to the
scaling function being independent on the mass number. The existence of both types of scaling,
that occurs at excitation energies below the QE peak, is denoted as superscaling. As shown in
[32], the analysis of the isolated longitudinal (e, e′) data leads to an universal scaling function
that, when plotted against the superscaling variable (denoted as ψ), presents a significative asym-
metry with a long tail extended to large-positive values of ψ (region above the QE peak). The
reader interested in a detailed discussion of the phenomenon of scaling, also extended to the
region of high nucleon resonances, can go to Refs. [35–39].
Here we would like to add also the analysis in [40] of the scaling properties of the electromag-
netic response function of 4He and 12C nuclei within the Green’s function Monte-Carlo (GFMC)
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approach [41] using only one-body current contributions. The mentioned two approaches in [6]
lead to compatible nucleon-density scaling functions that for large momentum transfers satisfy
first-kind of scaling and has an asymetric shape. The formalism used in [6] based on the impulse
approximation combines a fully relativistic description of the electromagnetic interaction with a
treatment of nuclear dynamics in the initial state. As noted in [6] the final state interactions (FSI)
are treated as corrections that requires further approximation [42, 43].
In the Relativistic Green’s function (RGF) model FSI were originally developed within a
nonrelativistic [44, 45] and then within a fully relativistic framework [46, 47] for the inclusive
quasielastic (QE) electron scattering using complex energy-dependent optical potential. The
model was successfully applied to electron scattering data [21, 44–46, 48, 49] and later extended
to neutrino-nucleus scattering [50–52].
In this work our main interest is centered in the connection between the scaling (superscaling)
function, extracted directly from the analysis of scattering data, and the spectral function (mo-
mentum distribution), evaluated using different nuclear models. As already presented in some
previous works [7, 53], this connection only emerges in a clear way under certain restrictive
approximations considered in the description of the scattering reaction formalism. In particu-
lar, all studies of electron scattering reactions making use of the spectral function are based on
the factorization ansatz, i.e., the (e, e′) cross section factorizes into two terms: one dealing with
the single-nucleon-photon vertex (single-nucleon responses) and the other containing the whole
information about the nuclear systems involved in the process (nuclear spectral function). This
factorization result breaks in general. Even in the impulse approximation, namely, only one
single-nucleon being active in the scattering process (the other nucleons treated as mere specta-
tors), the effects introduced by the final state interactions (FSI) between the ejected nucleon and
the residual nucleus, and/or the role played by the lower components in the relativistic nucleon
wave functions, break factorization at some level. Notwithstanding, the scaling (superscaling)
behavior shown by data proves unambiguously that the differential (e, e′) cross section being
given as “single-nucleon” cross sections times a universal scaling function results an excellent
approximation in certain kinematical domains, namely, high values of the transfer momentum
where the QE reaction mechanism is dominant.
The connection between the scaling (superscaling) function and the nuclear spectral function
(or momentum distribution) still deserves some discussion. Notice that the argument can be ap-
plied in a twofold way. First one can develop theoretical nuclear models, with a high level of
complexity, providing a realistic nuclear spectral function to be used in the analysis and inter-
pretation of electron scattering data, i.e., the scaling/superscaling function. A different strategy
is to use directly as input the data extracted from the experiment, namely the scaling function,
in order to get precise information on the spectral function, and in particular, on the effects as-
sociated to NN correlations. In this work we follow this second procedure. We do not intend
to provide “sophisticated” theoretical descriptions of the spectral function, but instead, use our
present knowledge on the scaling function and its explicit dependence with the missing energy
and momentum in order to find out a precise connection between the derivatives of the scaling
function and the behavior of the momentum density. We already followed this general strategy in
the past, but making use of some restricted approximations [53] or specific simple nuclear mod-
els based on the independent particle approach [7]. Some other authors [8, 9, 54–58] have also
used a similar procedure by isolating in the spectral function the term that yields the probability
distribution that the final (A− 1) system is left in any of its excited states. This “excited” spectral
function is later connected with “binding corrections” to the scaling function. In this paper we
follow a similar strategy, but solving exactly the various integro-differential equations that con-
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nect the spectral function (momentum distribution) with the scaling (superscaling) functions. In
doing so, we extend our previous work in [53] by explicitly accounting for effects coming from
the NN correlations.
The general structure of the paper is as follows. In Section 2 we revisit the general formalism
by discussing in detail the connection between the scaling and the spectral function. We summa-
rize the most relevant results connected with scaling arguments and introduce the functions and
variables of interest for the general discussion. We also present the basic equations related to the
analysis of the spectral function and/or the momentum distribution, and discuss the results ob-
tained. In Section 3 we focus on the momentum density derived from the scaling function. Here
we discuss in detail the results obtained with particular emphasis in the Gumbel distribution.
Finally, Section 4 summarizes the main conclusions of this work.
2. General Formalism
2.1. Scaling Function vs. Nucleon Momentum Distribution
Within the Plane-Wave Impulse Approximation (PWIA) the (e, e′N) differential cross section
factorizes in two basic terms [14, 20–22]:[
dσ
d′dΩ′dpNdΩN
]PWIA
(e,e′N)
= KσeN(q, ω; p,E, φN)S (p,E) , (1)
the electron-nucleon cross section for a moving, off-shell nucleon, σeN , and the spectral function
S (p,E) that gives the combined probability that, after a nucleon with momentum p has been
removed from the target, the (A−1)-nucleon system is left with excitation energy E. In Eq. (1) K
is a kinematical factor, p ≡ pm is the missing momentum and E is the excitation energy that is es-
sentially the missing energy minus the separation energy. Further assumptions are necessary [53]
to show how the scaling function F(q, ω) emerges from the PWIA, namely, the spectral function
is assumed to be isospin independent and σeN is assumed to have a very mild dependence on p
and E. Hence the eN cross section can be evaluated at fixed values of p and E and typically the
differential cross section for inclusive QE (e, e′) processes is written in the form [7, 53]:[
dσ
d′dΩ′
]
(e,e′)
 σeN(q, ω; p = |y|,E = 0) · F(q, ω) , (2)
where the single-nucleon cross section is evaluated at the special kinematics p = |y| (with the
scaling variable y being the lowest longitudinal momentum of a bound nucleon when the residual
nucleus is in its ground state, E = 0 [58]; see also the next Section). This corresponds to the
lowest value of the missing momentum occurring when E = 0. The term σeN refers to the
azimuthal-angle-averaged single-nucleon cross section and it also incorporates the contribution
of all nucleons in the target.
The function F(q, ω) in Eq. (2) is known as the scaling function and it is given in PWIA in
terms of the spectral function:
F(q, ω) = 2pi
∫∫
Σ(q,ω)
p dp dE S (p,E) , (3)
where Σ(q, ω) represents the kinematically allowed region, p is the struck nucleon’s momentum
and
E(p) ≡
√
M∗2B + p2 −
√
M02B + p
2 ≥ 0 , (4)
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the excitation energy of the recoiling system B, with M0B the ground-state mass of the residual
nucleus and M∗B the general invariant mass of the daughter final state. The integration in Eq. (3) is
extended to the kinematically allowed region in the (p,E) plane at fixed values of the momentum
and energy transfer, (q, ω). The general kinematics corresponding to QE (e, e′) processes leads
to the following E-integration range
max{0,E+} ≤ E ≤ E− , (5)
where
E±(p; q, ω) = (M0A + ω) −
[√
(q ± p)2 + m2N +
√
M02B + p
2
]
(6)
and where M0A is the target nuclear mass and mN the nucleon mass.
Figure 1: (Color online) Excitation energy corresponding to negative (left) and positive (right) values of y.
The integration region Σ(q, ω) is shown in Fig. 1 for fixed values of the transferred energy
and momentum for ω < ωQE (left-hand panel) and ω > ωQE (right-hand panel), with ωQE the
energy where the quasielastic peak (QEP) occurs. The intercepts between the curve E− and the
p-axis will be denoted by −y and Y , i.e., E−(−y; q, ω) = E−(Y; q, ω) = 0. In the region below the
QEP, y is negative and p = −y represents the minimum value for the struck nucleon’s momentum.
Above the QEP y is positive and the curve E+ cuts the integration region when p < y.
Using as independent variables (p,E; q, y), the energy transfer can be expressed as:
ω(q, y) =
√
(q + y)2 + m2N +
√
M02B + y
2 − M0A , (7)
the limits of the excitation energy
E±(p; q, y) =
[√
(q + y)2 + m2N −
√
(q ± p)2 + m2N
]
+
[√
M02B + y
2 −
√
M02B + p
2
]
(8)
and the upper limit of p:
Y(q, y) =
M0
2
B (2q + y) + 2(q + y)
√
M02B + y
2
√
(q + y)2 + m2N + y
[
2(q + y)2 + m2N
]
M02B + 2
√
M02B + y
2
√
(q + y)2 + m2N + 2y(q + y) + m
2
N
. (9)
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Then the scaling function in Eq. (3) can be recast as follows
1
2pi
F(q, y) =
Y(q,y)∫
−y
p dp
E−(p;q,y)∫
0
dES (p,E), if y < 0, (10)
1
2pi
F(q, y) =
y∫
0
p dp
E−(p;q,y)∫
E+(p;q,y)
dES (p,E) +
Y(q,y)∫
y
p dp
E−(p;q,y)∫
0
dES (p,E), if y > 0, (11)
for negative and positive values of y, respectively.
In what follows we will consider our analysis in relation with the scaling method developed
by C. Ciofi degli Atti et al. (see, e.g. [8, 9, 54–61]). It was shown in the latter that information
on the nucleon momentum distribution can be extracted from the inclusive (e, e′) cross sections
and that within the PWIA the inelastic cross section depends on nuclear structure peculiarities
through the spectral function S (p,E) [the notations in the mentioned papers are usually P(k, E)
for the spectral function with components Pgr(k, E) and Pex(k, E), where Pgr(k, E) yields the
probability distribution that the final (A− 1) system is left in its ground state and Pex(k, E) is that
part of the spectral function which accounts for the excited states of the final (A − 1) system].
It turns out also that the inclusive cross section is not directly related to the nucleon momentum
distribution but depends on the knowledge of the full spectral function S (p,E). We note that
the consideration in Refs. [54–61] is restricted to the case of negative values of y. The nucleon
momentum distribution of 2H was obtained from the y-scaling analysis of inclusive electron
scattering in Ref. [61]. The method was extended for 3He (e.g. [57, 58]), for 3He and 4He
(e.g. [59]), and later it was applied to complex nuclei (e.g. [8, 9, 55, 56]). It has been noted [56]
that in the latter case “it is also useful to adopt another representation of the spectral function
in which the ground state of the (A − 1) system and its excited states represented by one-hole
excitations are explicitly separated from more complex configurations, e.g., one-particle–two-
hole states, which can be reached when two-particle–two-hole states in the target nucleus are
considered”.
In Ref. [62] (see also Ref. [63]) was developed a method that leads to the approximate expres-
sion for the spectral function which incorporates both the single-particle nature of the spectrum
at low- and high-energy and high-momentum components due to NN-correlations in the ground
state. The low-energy part is described by the mean-field spectral function for which the au-
thors use an approximate expression motivated by closure (i.e. the sum over occupied levels
is substituted by its average value). This approach allowed us to apply in [53] the mentioned
approximation that leads to splitting the spectral function into two terms, corresponding to zero
and finite excitation energy, respectively:
S (p,E) = n0(p)δ(E) + S 1(p,E) (12)
with S 1(p,E = 0) = 0, which, inserted in Eqs. (10) and (11) yields
1
2pi
F(q, y < 0) =
Y(q,y)∫
−y
p dp n0(p) +
Y(q,y)∫
−y
p dp
E−(p;q,y)∫
0
dES 1(p,E), (13)
1
2pi
F(q, y > 0) =
∫ Y(q,y)
y
p dp n0(p)+

y∫
0
p dp
E−(p;q,y)∫
E+(p;q,y)
dE +
Y(q,y)∫
y
p dp
E−(p;q,y)∫
0
dE
 S 1(p,E) . (14)
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In order to analyze how the scaling function and the nucleon momentum distribution are con-
nected, we proceed by evaluating the derivatives of the scaling function F with respect to y and
q making use of the Leibniz’s formula and choosing (p; q, y) as the three remaining independent
variables. In this work, in contrast to Ref. [53], we use the full expressions for the derivatives.
In our calculations we assume that the scaling of the first kind is fulfilled (the scaling function F
loses its dependence upon q):
lim
q→∞
∂F
∂q
' 0 ⇒ lim
q→∞
∂F
∂q
(
∂Y
∂y
)
' 0 , (15)
for negative and positive values of y. This is strictly valid only for very large values of q (e.g.
at q > 500 MeV) and it is entirely based on the approximations leading to the expression in
Eq. (3) that connects the scaling function to the spectral function. In Appendix C we discuss
in detail the validity of the approximations involved in Eq. (15). After some algebra, presented
in Appendix A, we get the following results:
2.1.1. Negative–y region
n(k) =
1
2pik
(
∂F
∂y
)
y=−k
+
∞∫
0
dE S 1(k, E) − 1k

Y(q,y)∫
−y
D1(p; q, y) S 1(p, E−) p dp

y=−k
, (16)
where
D1(p; q, y) =
(
∂E−
∂y
− ∂E
−
∂q
(∂Y/∂y)
(∂Y/∂q)
)
. (17)
Therefore, in the case of negative values of y the momentum distribution n0(k) can be expressed
as:
n0(k) =
1
2pik
(
∂F
∂y
)
y=−k
− 1
k

Y(q,y)∫
−y
D1(p; q, y) S 1(p, E−) p dp

y=−k
. (18)
On this point we would like to note that in Refs. [54–61] the scaling function has the follow-
ing form in the asymptotic limit (q→ ∞):
F(y) = f (y) − B(y) , (19)
where
f (y) = 2pi
∞∫
|y|
n(k) k dk (20)
and
B(y) = 2pi
∞∫
Emin
dE
k∞min(y,E)∫
|y|
Pex(k, E) k dk . (21)
In Eq. (21) the lower limit in the energy is given by Emin = |EA| − |EA−1|, EA and EA−1 being
the ground state energies of the initial and final nuclei, and Pex(k, E) is the part of the spectral
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function corresponding to the spectator A − 1 system in all possible virtual excited states. For
large values of q
k∞min(y, E)  |y − (E − Emin)| . (22)
The quantity B(y) causes the “scaling violation” due to the nucleon binding. Taking derivative of
both sides of Eq. (19) one gets:
n(k) = − 1
2piy
[
dF(y)
dy
+
dB(y)
dy
]
, k = |y| . (23)
It is noted in the works mentioned above that: i) the extraction of n(k) in the approach (at y < 0)
needs the asymptotic scaling function F(y) to be obtained from the experimental data, and ii) the
binding correction term dB/dy to be estimated in a realistic way. We note that our method is a
natural extension and development along this line. As can be seen, the comparison of Eq. (16)
with Eq. (23) gives the following correspondence of dB/dy obtained in the approach followed by
Ciofi degli Atti et al. to the term obtained in our method:
− 1
2piy
dB(y)
dy
=
∞∫
0
S 1(−y,E) dE + 1y
Y(q,y)∫
−y
D1(p; q, y) S 1(p, E−) p dp . (24)
We note that the right-hand side of Eq. (24) gives additional and more complex information
on the quantity B(y), its relation to the correlated part of the momentum distribution and the
kinematical conditions (energy, transferred momentum, the scaling momentum and others).
2.1.2. Positive–y region
n(k) = − 1
2pik
(
∂F
∂y
)
y=k
+
∞∫
0
dE S 1(k, E) + 1k

Y(q,y)∫
0
D1(p; q, y) S 1(p, E−) p dp

y=k
− 1
k

y∫
0
D2(p; q, y) S 1(p, E+) p dp

y=k
, (25)
where
D2(p; q, y) =
(
∂E+
∂y
− ∂E
+
∂q
(∂Y/∂y)
(∂Y/∂q)
)
. (26)
Therefore, in the case of positive values of y the momentum distribution n0(k) can be expressed
as:
n0(k) = − 12pik
(
∂F
∂y
)
y=k
+
1
k

Y(q,y)∫
0
D1(p; q, y) S 1(p, E−) p dp

y=k
− 1
k

y∫
0
D2(p; q, y) S 1(p, E+) p dp

y=k
. (27)
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Comparing Eq. (18) and Eq. (27) for negative and positive values of y, we can write the
following connection between the scaling function F(y) and S 1(p,E):
1
2pi
(∂F
∂y
)
y=−k
+
(
∂F
∂y
)
y=k
 =

Y(q,y)∫
−y
D1(p; q, y) S 1(p, E−) p dp

y=−k
+

Y(q,y)∫
0
D1(p; q, y) S 1(p, E−) p dp

y=k
−

y∫
0
D2(p; q, y) S 1(p, E+) p dp

y=k
. (28)
In Section 3 we present more details on the corresponding connection between the results in
Eq. (28) and the superscaling function. Here, we point out that if S 1(p,E) = 0, as in the case of
RFG, then it follows from (28) that the scaling function is symmetric [F(y) = F(−y)].
In the next several figures we present the main part of the variables which are used in
Eqs. (16)–(28) and their kinematical behaviour. In Fig. 2 is shown Y(q, y) (the upper limit of
p) as a function of y for several fixed values of q. Notice that |y| is also shown by the black
solid line. To make clearer the results, let us consider as an example the case shown by the blue
dashed line, that is, Y(q, y) as a function of y at fixed value of q = 3 GeV; the available values
of p at y = −1.25 GeV (1.25 GeV≤ p ≤ 3.94 GeV) and 1.25 GeV (0 GeV≤ p ≤ 5.76 GeV) are
presented by the vertical blue solid lines; Y(q, y) = |y| at y0 ∼ −2.7482 GeV, for values of y less
than y0: Y(q, y) < |y| therefore this region is not allowed.
Figure 2: (Color online) Results for the Y(q, y) for 12C nucleus using analytical expression from Eq. (9).
In Fig. 3 are presented the derivatives ∂Y(q, y)/∂y [panel (a)] and ∂Y(q, y)/∂q [panel (b)] at
fixed values of q. The results are obtained using analytical expressions of derivatives obtained
from Eq. (9). The black solid line, shown as reference, refers to the corresponding approximate
expressions of the derivatives in the thermodynamic limit M0B → ∞ (∂Y/∂y ' 1 and ∂Y/∂q ' 2).
As can be seen from the figures, in the case of light nuclei, as the 12C nucleus considered, the use
of the exact expression for the derivatives leads to results that deviate very significantly from the
thermodynamic limit. In Fig. 4 we present the ratio of the derivatives which is a part of Eqs. (17)
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Figure 3: (Color online) Results for the ∂Y/∂y [panel (a)] and ∂Y/∂q [panel (b)] for 12C nucleus using analytical expres-
sions of derivatives obtained from Eq. (9).
Figure 4: (Color online) Results for the (∂Y/∂y)/(∂Y/∂q)
for 12C nucleus using analytical expressions of derivatives
obtained from Eq. (9).
Figure 5: (Color online) Results for the ∂E±/∂y for 12C
nucleus obtained from Eq. (8).
and (26). The behaviour of the ratio at positive y is almost the same for all q-values considered.
In Fig. 5 are shown the derivatives of the excitation energy (8) with respect to y:
∂E−
∂y
=
∂E+
∂y
=
y√
M0B
2
+ y2
+
q + y√
m2N + (q + y)
2
. (29)
In Figs. 6–8 are presented results for the excitation energy and derivatives of the excitation
energy with respect to q. In these figures we fix the momentum transfer q = 2 GeV, and assume
scaling of the first kind to be fulfilled [see Eq. (15) and Appendix C]. The allowed region
of integrations [−y ≤ p ≤ Y(q, y), 0 ≤ E ≤ E−(p; q; y)] given in Eq. (10) is shown in Fig. 6
(left panel) for several fixed negative values of y. The right panel shows the allowed region of
integrations [0 ≤ p ≤ y, E+(p; q; y) ≤ E ≤ E−(p; q; y) and y ≤ p ≤ Y(q, y), 0 ≤ E ≤ E−(p; q; y)]
given in Eq. (11) for several fixed positive values of y, where E+(p; q; y) and E−(p; q; y) are drawn
by thin and thick lines, respectively. For completeness, in Figs. 7 and 8 are shown the derivatives
of the excitation energy E±(p; q, y) [Eq. (8)] with respect to q at negative and positive values of
y, respectively.
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Figure 6: (Color online) Excitation energy E corresponding to negative (left panel) and positive (right panel) values of y
at fixed momentum transfer q = 2 GeV.
Figure 7: (Color online) Results for the ∂E−/∂q corre-
sponding to negative values of y at fixed momentum trans-
fer q = 2 GeV.
Figure 8: (Color online) Results for the ∂E/∂q correspond-
ing to positive values of y at fixed momentum transfer
q = 2 GeV.
2.2. Superscaling Function vs. Nucleon Momentum Distribution
The superscaling variable ψ is introduced by (see Refs. [29–31, 64]):
ψ =
1√
ξF
λ − τ√
(1 + λ)τ + κ
√
τ(1 + τ)
, (30)
where λ ≡ ω/2mN , κ ≡ q/2mN and τ ≡ |Q2|/4m2N = κ2 − λ2. The scaling variables y and ψ are
closely connected:
ψ =
(
y
kF
) 1 +
√
1 +
m2N
q2
1
2
ηF
(
y
kF
)
+ O[η2F]
 , (31)
where ηF ≡ kF/mN and, as noted above, the superscaling function f is connected with F via
f ≡ kF × F with kF the Fermi momentum. Then we can write:
∂F
∂y
=
1
kF
· ∂ f (ψ)
∂ψ
· ∂ψ
∂y
=
1
k2F
· ∂ f (ψ)
∂ψ
· V(y), (32)
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where
V(y) = 1 +
√
1 +
m2N
q2
ηF
(
y
kF
)
. (33)
The Eq. (18) for negative values of y (y = −k) can be written as:(
∂ f (ψ)
∂ψ
)
y=−k
= A1(y) + A2(y) = A(y), (34)
where
A1(y) = −2pik2F
[
y n0(−y)
V(y)
]
y=−k
, A2(y) = 2pik2F
[ Y(q,y)∫
−y
D1(p; q, y) S 1(p, E−)
V(y) p dp
]
y=−k
. (35)
The corresponding result for positive values of y [Eq. (27)] can be written as:(
∂ f (ψ)
∂ψ
)
y=k
= B1(y) + B2(y) + B3(y) = B(y), (36)
with
B1(y) = −2pik2F
[
y n0(y)
V(y)
]
y=k
, B2(y) = 2pik2F
[ Y(q,y)∫
0
D1(p; q, y) S 1(p, E−)
V(y) p dp
]
y=k
,
B3(y) = −2pik2F
[ y∫
0
D2(p; q, y) S 1(p, E+)
V(y) p dp
]
y=k
. (37)
Finally, comparing Eq. (34) and Eq. (36), we can write the following connection between the
superscaling function f (ψ) and S 1(p,E)
F(k) =
(
∂ f (ψ)
∂ψ
·V(y)
)
y=−k
+
(
∂ f (ψ)
∂ψ
·V(y)
)
y=k
= 2pik2F
[ Y(q,−k)∫
k
pdp
[D1(p; q, y) S 1(p, E−)]y=−k +
+
Y(q,k)∫
0
p dp
[D1(p; q, y) S 1(p, E−)]y=k − k∫
0
p dp
[D2(p; q, y) S 1(p, E+)]y=k ]. (38)
Here, we note that Eq. (38) is obtained using a general expression of the scaling function given
in terms of the nuclear spectral function within PWIA [see Eq. (3)] and split into two terms,
corresponding to zero and finite excitation energy [see Eq. (12)]. From Eq. (38) is clearly visible
the connection between the first derivative of the superscaling function and the term correspond-
ing to the finite excitation energy S 1(p, E) of the spectral function. In the case of using the
approximate expression of Eq. (31) (ψ ' y/kF) we can write:
F(k) =
(
∂ f (ψ)
∂ψ
)
ψ=−ψ0
+
(
∂ f (ψ)
∂ψ
)
ψ=ψ0
, (39)
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where ψ0 = k/kF and therefore the scaling function is symmetric [ f (ψ) = f (−ψ)] when
S 1(p,E) = 0.
In the general case the scaling function F(q, ω) is related to the spectral function S (p,E) by
Eq. (3). After some mathematical manipulation and using the assumption that scaling of the first
kind is fulfilled, we find the connection between n(k) and f (ψ) as illustrated by Eqs. (34)–(38). In
our approach we intend to extract information about the nucleon momentum distribution (which
is the function of variable k) from the experimental superscaling function (which is the function
of variable ψ). It is important to note that the connection [Eq. (38)] is similar to the one shown
by C. Ciofi degli Atti et al., but here we extend our analysis of the behaviour of the superscaling
function not only to the case of negative ψ but also to that of positive ψ.
On this point we would like to note the earlier works on the problem of the experimental
determination of the nucleon momentum distribution, e.g. those of Frankel Ref. [65, 66] and
Amado and Woloshin Refs. [67, 68]. It has been shown in Ref. [68] that the final state interactions
(FSI) destroy the simple dependence of the inclusive cross section [d3σ/d3q, where q is the
momentum of the observed proton after collision] on the momentum distribution n(k). However,
it has been pointed out in Ref. [65, 66] a way “to retain the benefit of scaling by replacing n(k)
by an effective momentum distribution neff(k)”. A procedure has been developed that relates the
differential cross section to the ground state wave function and to the FSI both of which had to
come from the solution of the appropriate many-body problem with the true Hamiltonian. Thus,
it has been concluded in Ref. [65, 66] that the fact that the cross section cannot be related directly
to the ground state momentum distribution n(k), as shown in Ref. [68], is “not a real loss”.
It turned out that the effective momentum distribution is (roughly) proportional to the actual
momentum distribution n(k). For instance, it has been pointed out in Ref. [65, 66] that if n(k)
decreases exponentially with k, then neff(k), that incorporates FSI, also decreases exponentially
with k.
3. Results
In this Section we present our analysis of the nucleon momentum distribution extracted from
the experimental scaling function. At sufficiently high energies are seen both types of scaling
behavior (see Ref. [69] and references therein). For specific nuclei one observes quite good
first-kind scaling at excitation energies below the QE peak, namely, in the so-called scaling re-
gion. This is the familiar y-scaling behavior. On the other hand, it is known from the available
data where longitudinal-transverse separations have been made, that these scaling violations ap-
parently reside in the transverse response, but not in the longitudinal. The latter appears to
superscale. In fact, this is not unexpected, since there are contributions that do not scale arising
from meson-exchange currents (MECs) plus the correlation effects required by gauge invariance
which must be considered together with the MEC [70–72], and from inelastic scattering from
the nucleons [38]. It is important to note that MEC and inelastic contributions are predomi-
nantly transverse in the kinematic regions of interest in the present work. In Fig. 9 are presented
the averaged longitudinal experimental data of the superscaling function f (ψ) versus ψ in the
quasielastic region together with a phenomenological parametrization of the data using a Gum-
bel distribution function. The Gumbel distribution function is defined as
fG(ψ) =
1
σ
exp
[
− (ψ − µ)
σ
]
exp
[
− exp
[
− (ψ − µ)
σ
]]
, (40)
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Figure 9: (Color online) Averaged experimental f (ψ) versus ψ in the quasielastic region together with a phenomenolog-
ical parametrization of the data using Gumbel distribution function Eq. (40) with three sets of parameters (σ = 0.67,
µ = 0.00; σ = 0.67, µ = 0.05; σ = 0.67, µ = 0.10). The integral of the curve has been normalized to unity.
where σ and µ are scale and location parameters, respectively. We use three sets of parameters
of the Gumbel distribution function: the scale parameter σ is fixed to 0.67 and three values for
µ = 0.00, 0.05, 0.10. The integral of the Gumbel function has been normalized to unity.
In the present work we consider the spectral function in the form given by Eq. (12). For the
nucleon momentum distribution n(k) for 12C we make use of the parametrization described in the
Appendix of Ref. [8], see Fig. 10 (in what follows noted by nC(k)). The momentum density n(k)
is normalized to 1, i.e.,
4pi
∞∫
0
n(k)k2dk = 1 , (41)
where n(k) = n0(k) + n1(k). Interacting nucleons (beyond the mean field approach) are described
by the correlated part of the spectral function S 1(p,E). As known (see Ref. [9] and references
therein), the two-nucleon interactions dominate. The short-range correlations give rise to pairs
of nucleons with high relative momentum. We follow the approach of Kulagin and Petti [62],
where it is assumed (see also Ref. [8]) that S 1(p,E) at high momentum and high separation
energy is dominated by ground state configurations with a correlated nucleon-nucleon pair and
the remaining (A − 2) nucleons moving with low center-of-mass momentum. In this approach
interactions of higher order are not included. Then, S 1(p,E) can be expressed analytically in the
form (see also [1]):
S 1(p,E) = n1(p) Mp
√
α
pi
(
e−α p
2
min − e−α p2max
)
, (42)
where
α =
3
4〈p20〉β
, β =
A − 2
A − 1 .
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Figure 10: The many-body nucleon momentum distribution nC(k) corresponding to the parametrization described in the
Appendix of Ref. [8]. The normalization of n(k) is given in Eq. (41).
The mean square of the n0(p) momentum 〈p20〉 is defined as
〈p20〉 =
4pi
∫
p4 n0(p) dp
4pi
∫
p2 n0(p) dp
, (43)
whereas
p2min/max =
{
β p ∓ √2 M βE }2 . (44)
The excitation energy, given as the difference between the missing and separation energies, is
given by
E = Em − E(2)S , (45)
where the two-nucleon separation energy E(2)S is an average excitation of the (A − 2) nucleon
system. Since by definition averaging should be carried out only over the low-lying states, it can
be approximated by the mass difference E(2)S = M
0
B + 2 mN − M0A  MA−2 + 2 mN − MA.
In Fig. 11 we present results for the first derivative of the scaling function ∂ψ f (ψ) for negative
[Eq. (34)] and positive [Eq. (36)] values of y. The black dash-dotted line represents the first
derivative of the Gumbel distribution function using σ = 0.67 and µ = 0.0. The blue solid line
corresponds to using the right-hand side of Eq. (34), with the separate contributions A1(y) (blue
dotted line) and A2(y) (blue dot-dot-dashed line). The red solid line displays the result using
the right-hand side of Eq. (36) and corresponding contributions B1(y) (red dotted line), B2(y)
(red dot-dot-dashed line), and B3(y) (red dashed line). Results are obtained using the spectral
function in the form given by Eq. (12) and momentum distributions [n0(k) and n1(k)] taken from
the Appendix of Ref. [8]. It is clearly visible that the main contribution comes from A1 and
B1 terms, which are closely related to n0(k) momentum distribution. Notice that by using given
parametrization and normalization of n0(k) it is not possible to describe the first derivative of
the experimental scaling function (A1 and B1 overpredict derivative of the experimental scaling
function).
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Figure 11: (Color online) Results for the first derivative of the scaling function ∂ψ f (ψ) for negative [Eq. (34)] and positive
[Eq. (36)] values of y. For more details, see the text.
Results for the first derivative of the scaling function ∂ψ fG(ψ) using three sets of parameters
of the Gumbel distribution function in comparison with A(y) and B(y) [see Eqs. (34) and (36)] are
presented in Fig. 12. The inset depicts the behaviour of ∂ψ f (ψ) in the y ≈ 0 MeV region, which
explains the different behaviour of the function F(k) at k = 0 MeV. In Fig. 13 are presented results
for F(k) using the three sets of parameters of the Gumbel distribution function [left-hand side of
Eq. (38)]. In this figure we show the sensitivity of the results to the parameters which are used to
describe the experimental scaling function. Obviously, having experimental data with small error
bars will allow us to extract more correct information about the scaling function and respectively
on the nucleon momentum distribution. These results are compared with the predictions obtained
by the right-hand side of Eq. (38) using spectral function [see Eqs. (12) and (42)] and momentum
distributions: nC(k) described in the Appendix of Ref. [8] (black solid line) and from RMF + FSI
given in the Appendix B (brown dash-dotted line). As shown in Fig. 13 the result using spectral
function and nC(k) does not provide a proper description of the F(k) behaviour obtained from
the analysis of the experimental scaling function (Gumbel distribution function). The agreement
improves when using the RMF + FSI momentum distribution taken from Ref. [7] (our analytical
fit to the RMF + FSI momentum distribution is given in Appendix B): the minimum of F(k)
is between 300 and 400 MeV as in the case of the experimental Gumbel function, also the tail
of F(k) slightly overpredicts results when the Gumbel function is used. As shown in Ref. [7],
the RMF + FSI model leads to a scaling function f (ψ) that, for positive values of ψ, is in good
accordance with electron scattering data.
In Fig. 14 is given the F(k) function [panel (a)] obtained using two sets of parameters of
the Gumbel distribution function [left-hand side of Eq. (38)] in comparison with the predictions
obtained by the right-hand side of Eq. (38) using spectral function and momentum distribution
within RMF + FSI approach. The results present our attempt to find (as an example) sets of
parameters of the Gumbel distribution function that give the best fit to the F(k) function within
RMF + FSI approach. One can see the curves corresponding to two sets of parameters: i)
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Figure 12: (Color online) Results for the first derivative of the scaling function ∂ψ fG(ψ) using the three sets of parameters
of the Gumbel distribution function in comparison with A(y) and B(y) [see Eqs. (34) and (36)].
σ = 0.67 and µ = 0.05 from the variation of σ between 0.6 and 0.8 and of µ between −0.1
and 0.1, and ii) σ = 0.81 and µ = 0.1 from the variation of σ between 0.5 and 1.0 and of µ
between −0.2 and 0.2. The corresponding scaling functions f (ψ) are shown in Fig. 14 [panel
(b)]. Although the second fit gives better description of F(k) within RMF + FSI approach, it
is still not possible to describe more correctly the experimental data of the scaling function.
This shows the necessity to use a self-consistent procedure to search simultaneously for both the
nucleon momentum distribution n(k) and the scaling function f (ψ).
Here it is important to point out that the analytical fit given in Appendix B is not unique,
because it is possible to use different forms of the parametrization of the n0(k) and n1(k) and
therefore different normalization of the two parts of momentum distribution. Although Eq. (38)
gives a direct connection between S 1(p,E) and the experimental scaling function, the key point
is to look for such a part n1(k) of the momentum distribution to be consistent with n0(k) and with
the general normalization condition of the momentum distribution [Eq. (41)]. We are presently
working on a self-consistent procedure to determine n0(k) and n1(k) that are consistent with the
correct behaviour of F(k) using experimental scaling function. The results will be presented in a
forthcoming publication.
To conclude we would like to point out that the main contribution to the tail of F(k) at high
momentum, k ≥ 400 MeV comes from positive y-values (likewise positive-ψ), as can be seen
from the inset in Fig. 13. The contributions abs[∂ψ f (ψ) ·V(y)] to the F(k) function from positive
and negative values of y obtained using the Gumbel distribution function (σ = 0.67, µ = 0) are
shown in the inset in Fig. 13.
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Figure 13: (Color online) Results for F(k) function using the three sets of parameters of the Gumbel distribution function
[left-hand side of Eq. (38)] in comparison with the predictions obtained by the right-hand side of Eq. (38) using spectral
function [see Eqs. (12) and (42)] and momentum distributions: nC(k) described in the Appendix of Ref. [8] (black solid
line) and RMF + FSI given in the Appendix B (brown dash-dotted line).
4. Conclusions
Electron scattering has been considered over years to be one of the most powerful tools to
get precise information on the structure of nuclei. In particular, the analysis of semi-inclusive
(e, e′p) and inclusive (e, e′) reactions have unambiguously proved the shell structure in nuclei,
and have also provided detailed knowledge on nucleon-nucleon correlations. A key point to
consider in this area concerns the connection between the observables extracted directly from
the experiment and those theoretical concepts related to nuclear properties. This question has
not an easy response because the general description of the reaction mechanism requires to have
a good control over very different ingredients. The basic objective of this work is focused on
the link between the scaling function, an observable extracted directly from the analysis of (e, e′)
data, and the nuclear spectral function and/or the momentum density, that refers directly to the
inner structure of the nucleus. This is a complex problem that has been treated in previous works
by different groups. In this sense we mentioned in particular studies using the Green’s function
method and its representation of the spectral function. This technique has been applied to nuclear
matter and finite nuclei providing results in good agreement with data extracted from electron
scattering experiments, and clarifying the role of short and long-range correlations in different
experimental quantities.
In what follows we emphasize the importance of scaling ideas. As known, this behavior
emerges from the analysis of inclusive QE (e, e′) data. The scaling function does contain infor-
mation on how the nucleons are distributed in the nuclear target, but also on different ingredients
that play a key role in the reaction mechanism. Final state interactions between the ejected
nucleon and the residual nucleus in addition to effects beyond the impulse approximation, i.e.,
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Figure 14: (Color online) Results for F(k) function [panel (a)] using two sets (see text) of parameters of the Gumbel
distribution function [left-hand side of Eq. (38)] in comparison with the predictions obtained by the right-hand side of
Eq. (38) using spectral function and momentum distribution within RMF + FSI approach (green dotted line). f (ψ) versus
ψ [panel (b)] in the quasielastic region together with Gumbel distribution function Eq. (40) with two sets of parameters
(σ = 0.67, µ = 0.05 and σ = 0.81, µ = 0.10).
meson exchange currents, and even higher nucleon inelasticities are captured by the scaling
function extracted from the analysis of data. This explains the interest of scaling arguments to
be connected with more or less sophisticated nuclear models to be used in scattering reaction
studies. Notice that the electromagnetic responses can be explored using a variety of models,
but the scaling function sets a strong constraint to any model aimed at describing lepton-nucleus
scattering processes.
In this work, starting with a general expression of the nuclear spectral function split into
two terms corresponding to zero and finite excitation energy, we have developed the explicit
equations that connect the spectral function (or momentum distribution) with the derivatives of
the scaling function. We take into account the dependence of the scaling function in q and y
(transfer momentum and scaling variable), and present an analysis that incorporates the regions
below and above the QE peak (negative and positive y-values, respectively). A very detailed
study on the behavior of the different derivatives involved in the process is presented.
Using the Gumbel distribution density to describe the superscaling function extracted from
the analysis of the separate longitudinal (e, e′) data, and different theoretical approximations to
deal with the short-range correlations in the spectral function, the present work contains novel
results dealing with the close link between both magnitudes. We have adopted the notation
introduced originally by C. degli Atti and collaborators, but have extended their conclusions by
maintaining the full (q, y)-dependence in the scaling function and the whole positive and negative
y-region in the analysis. A more systematic and self-consistent procedure to determine the global
momentum distribution in accordance with the experimental scaling function is in progress and
results will be presented in a forthcoming publication.
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Appendix A.
In this Appendix we show how Eqs. (18) and (27) are obtained from Eqs. (13) and (14),
respectively.
Appendix A.1. Negative–y region
1
2pi
∂F
∂y
= Y n0(Y)
(
∂Y
∂y
)
− y n0(−y) +
Y(q,y)∫
−y
p dp
(
∂E−
∂y
)
S 1(p, E−) , (A.1)
1
2pi
∂F
∂q
= Yn0(Y)
(
∂Y
∂q
)
+
Y(q,y)∫
−y
p dp
(
∂E−
∂q
)
S 1(p, E−) . (A.2)
Multiplying Eq. (A.1) by (∂Y/∂q) and Eq. (A.2) by (∂Y/∂y) and subtracting the two equations,
we get:
1
2pi
∂F
∂y
(
∂Y
∂q
)
− 1
2pi
∂F
∂q
(
∂Y
∂y
)
= −y n0(−y)
(
∂Y
∂q
)
+
Y(q,y)∫
−y
p dp
(
∂E−
∂y
∂Y
∂q
− ∂E
−
∂q
∂Y
∂y
)
S 1(p, E−) .
(A.3)
Making use the limit of Eq. (15) in Eq. (A.3) and y = −k, we simply have
n0(k) =
1
2pik
(
∂F
∂y
)
y=−k
− 1
k

Y(q,y)∫
−y
D1(p; q, y) S 1(p, E−) p dp

y=−k
. (A.4)
Appendix A.2. Positive–y region
1
2pi
∂F
∂y
= Y n0(Y)
(
∂Y
∂y
)
− y n0(y) +
Y(q,y)∫
0
p dp S 1(p, E−)
(
∂E−
∂y
)
−
y∫
0
p dp S 1(p, E+)
(
∂E+
∂y
)
(A.5)
1
2pi
∂F
∂q
= Yn0(Y)
(
∂Y
∂q
)
+
Y(q,y)∫
0
p dp S 1(p, E−)
(
∂E−
∂q
)
−
y∫
0
p dp S 1(p, E+)
(
∂E+
∂q
)
. (A.6)
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Multiplying Eq. (A.5) by (∂Y/∂q) and Eq. (A.6) by (∂Y/∂y) and subtracting the two equations,
we get:
1
2pi
∂F
∂q
(
∂Y
∂y
)
− 1
2pi
∂F
∂y
(
∂Y
∂q
)
= y n0(y)
(
∂Y
∂q
)
+
Y(q,y)∫
0
p dp
(
∂E−
∂q
∂Y
∂y
− ∂E
−
∂y
∂Y
∂q
)
S 1(p, E−)
−
y∫
0
p dp
(
∂E+
∂q
∂Y
∂y
− ∂E
+
∂y
∂Y
∂q
)
S 1(p, E+) (A.7)
Making use the limit of Eq. (15) in Eq. (A.7) and y = k, we obtain
n0(k) = − 12pik
(
∂F
∂y
)
y=k
+
1
k

Y(q,y)∫
0
D1(p; q, y) S 1(p, E−) p dp

y=k
− 1
k

y∫
0
D2(p; q, y) S 1(p, E+) p dp

y=k
. (A.8)
Appendix B.
Figure B.15: The nucleon momentum distribution n(k) corresponding to the parametrization described in the Appendix
B in comparison with nC(k). The normalization of n(k) is given in Eq. (41).
In this Appendix we show some simple parametrizations of the nucleon momentum distri-
butions obtained within the Relativistic Mean Field Approximation including Final State Inter-
actions (denoted as RMF + FSI). The reader interested in more details can go to Ref. [7]. The
expressions for the two contributions in the momentum density are written in the form:
n0(k) = 1.78 e−3 k
2
[1 + 3.54 k2]/(4 pi)
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and
n1(k) = [0.5 e−0.6 k
2
+ 0.0237 e−0.22 k
2
]/(4 pi).
Fig. B.15 shows the behavior of the two parametrized densities compared to the full RMF+FSI
prediction. As known, the tail at high values of the momentum is entirely given by n1. For
completeness, the nucleon momentum distribution nC(k) corresponding to the parametrization
described in the Appendix of Ref. [8] is also shown in Fig. B.15. As can be seen in Fig. B.15
the behaviour of the two momentum distributions is quite different, that explains different results
for F(k) function shown in Fig. 13. It is important to note that the nucleon momentum distri-
bution obtained within RMF + FSI approach is an effective momentum distribution because it
is extracted using theoretically calculated inclusive electron cross section within RMF including
FSI (for more details see Ref. [7]).
Appendix C.
In this Appendix we check the validity of using the scaling of the first kind [Eq. (15)] in
Eqs. (A.3) and (A.7) for negative and positive values of y, respectively. For this purpose we
compare the two terms from the left-hand side of Eqs. (A.3) and (A.7):
R = abs
[(
∂F
∂y
· ∂Y
∂q
) / (
∂F
∂q
· ∂Y
∂y
)]
(C.1)
using Eqs. (A.1) and (A.2) for negative values of y and Eqs. (A.5) and (A.6) for positive val-
ues of y, for two different momentum distributions: RMF + FSI (Appendix B) and nC(k) (the
parametrization described in the Appendix of Ref. [8]). As can be seen in Fig. C.16, the value of
the ratio R is larger than 20 for the whole area of considered momentum y. Then the following
relation can be placed: ∣∣∣∣∣∣∂F∂y
(
∂Y
∂q
)∣∣∣∣∣∣ > 20 ∂F∂q
(
∂Y
∂y
)
. (C.2)
The consequence of Eq. (C.2) is:
1
2pi
∂F
∂q
(
∂Y
∂y
)
− 1
2pi
∂F
∂y
(
∂Y
∂q
)
 − 1
2pi
∂F
∂y
(
∂Y
∂q
)
(C.3)
that shows that the use of the approximation (15) is justified in the y-range considered in our
analysis.
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